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ABSTRACT. A space is called a ©#-space if it has a o-closure-
preserving quasi-(mod k)-network. In this paper, a new char-
acterization of #-spaces is given, which answers a question
posed by the first author. Also we characterize spaces with o-
cushioned quasi-(mod k)-networks by means of g-functions.

1. INTRODUCTION

The class of X-spaces, which was defined by Keié Nagami [8],
plays an important role in the theory of generalized metric spaces.
E. Michael [7] and Akihiro Okuyama [10] introduced X#-spaces and
> *-spaces, respectively, as some generalizations, and additionally,
Okuyama proved the following theorem.

Theorem 1.1 ([10, Lemma 3.5]). If X is a ©*-space (a X7 -space,
resp.), then X has a sequence {Fy, : n € N} of hereditarily closure-
preserving (closure-preserving, resp.) closed covers of X such that
any sequence {x, : n € N} with x,, € C(x,F,) for some x € X has
a cluster point. In particular, X is a X-space if and only if X has
a sequence {F, : n € N} of locally finite closed covers of X such
that any sequence {x,, : n € N} with x,, € C(z,F,,) for somexz € X
has a cluster point.
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It is natural to consider whether the inverse is true for ¥X*-spaces
and Y#-spaces in the above theorem. So the first author raised the
following question.

Question 1.2 ([4, Question 3.2.4]). If X has a sequence {F,, : n €
N} of closure-preserving closed covers of X such that any sequence
{z,, : n € N} with z,, € C(z,F,) for some = € X has a cluster
point, is X a Y#-space?

In this paper, we give an affirmative answer to this question.
We also discuss the class of spaces with o-cushioned quasi-(mod
k)-networks.

Let P = {P, : a € I} be a collection of subsets of a topological
space (X, 7). P is called closure preserving [5] if

U{Pr:aeJ}=U{Py:aecJ}

for any J C I; P is called hereditarily closure preserving [2] if any
{By : a € I} with B, C P, for each a € I is closure-preserving.
Throughout this paper, all spaces are T1; we denote N by the nat-
ural numbers and C(z,P) by N{P € P :z € P} for each x € X.

2. MAIN RESULTS

Definition 2.1. A cover P of a space X is called a quasi-(mod k )-
network [10] if there is a closed cover H of X by countably compact
subsets such that whenever H C U with H € 'H and U is open in
X, then H C P C U for some P € P. X is called a 3-space [8] (a
Y*-space [10], a Y% -space [7], resp.) if it has a o-locally finite ( o-
hereditarily closure-preserving, o-closure-preserving, resp.) closed
quasi-(mod k)-network.

Theorem 2.2. For a space X, if X has a sequence {F, : n € N} of
closure-preserving closed covers of X such that any sequence {x,, :
n € N} with x,, € C(x,Fy,) for some x € X has a cluster point,
then X is a % -space.

Proof: Let {F, : n € N} be a sequence of closure-preserving
closed covers of X such that any sequence {z, : n € N} with
xy € C(x,F,) for some x € X has a cluster point. Without loss
of generality, we can assume that F, C F,41 for each n € N. For
each n € N, put

Pn={NnE:0+#EC F,}.
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Then each P, is a closure-preserving closed cover of X. In fact, it is
easy to see each P, is a closed cover of X. Let {NE, : o € A} C Py,
where &, C F, for each a € A. If x € U{NE, : @ € A}, then there
is an F, € &, such that z ¢ FE, for each @ € A. Since F, is
closure-preserving,

re€X-—UWEy:aeA} =X —-U{E,:a €A}
C X —U{N& : a € A},
which shows that P, is closure-preserving. Moreover, we have

C(z,Pp) C C(x, Fp) and C(z, Py,) € Py, for each x € X and n € N.
Put

H :{ﬂ C(z,Pp) :x € X}.
neN
Then H is a closed cover of X by countably compact sets. For each
r € X and an open set U with (1, .y C(z,Pn) C U, we prove that
there is m € N such that C(z,Pp,) C U; thus, U,y Pn is a quasi-
(mod k)-network for X. Suppose not; we can choose a sequence
{zp, : n € N} with z,, € C(x,P,) — U for each n € N, then {z, :
n € N} has a cluster point y. Since y € {x,,, : m > n} C C(x,Py)
for each n € N, y € (,,en C (2, Py) C U. However,

yef{r,:neNCcX-U=X-10,

a contradiction. Hence, X is a X#-space. O

Theorem 2.2 gives an affirmative answer to Question 1.2. How-
ever, the following question is still open.

Question 2.3. If X has a sequence {F, : n € N} of hereditarily
closure-preserving closed covers of X such that any sequence {z,, :
n € N} with z,, € C(x,F,) for some x € X has a cluster point, is
X a X*-space?

For a topological space (X, 7), a function g : Nx X — 7 is called a
g-function [1] if z € g(n+1,z) C g(n,x) for each € X and n € N.
g(n, A) denotes |J,c 4 g(n,z) for A C X. Let P be a collection of
pairs of subsets of X: P is called a quasi-(mod k)-network [3] for
X if there is a closed cover H of countably compact subsets of X
such that whenever H C U with H € 'H and U is open in X, then
H C P, C P, C U for some (P, P») € P; P is called cushioned [6]
if

(P : (P, ) € P} CU{Py: (P, P5) € P}
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for each P’ C P.

Clearly, every Y#-space is a space with a o-cushioned quasi-(mod
k)-network. In [9], Jun-iti Nagata gave the following characteriza-
tion of L#-spaces.

Theorem 2.4 ([9]). X is a X% -space if and only if X has a g-
function satisfying
(1) for each x,y € X andn € N, if z € g(n,y), then g(n,x) C
9(n,y);
(2) for each x € X and {x, :n € N} C X, if v € g(n,x,) for
each n € N, then {zy : n € N} has a cluster point.

Similarly, we characterize spaces with o-cushioned quasi-(mod
k)-networks by means of g-functions.

Theorem 2.5. A space X has a o-cushioned quasi-(mod k )-network
if and only if there are a closed cover H of X by countably com-
pact sets and a g-function such that for each H € H and sequence
{zn, :m € N} C X, if HN g(n,z,) # O for each n € N, then
{zy, : n € N} has a cluster point in H.

Proof: Necessity. Let |J,cnPn be a o-cushioned quasi-(mod
k)-network for X with respect to a closed cover H of countably
compact sets, where each P, is cushioned and P,, C P,+1 for each
n € N. Define g: Nx X — 7 as

g(n,x) =X —U{P,: (P, P) € Py,x ¢ Ps}.

It is easy to verify that g is a g-function for X. Let H € H and {z,, :
n € N} C X with H Ng(n,z,) # 0. If {z,, : n € N} has no cluster
point in H, then there is m € N such that H N {z, : n > m} = 0.
Otherwise, for each k € N, put F, = {x,, : n > k}. Then {H N F}}
is a decreasing sequence of nonempty closed subsets of H. Hence,
there is h € [\en(H N Fy). This is a contradiction. So there is
m € N such that H C X — {z, : n > m}. Then

HcPcPCcX—{z,:n>m}

for some ¢ € N and (Pi, P») € P;. Pick j > max{m,i}, then
9(j,zj) C X — Py C X — H, a contradiction. It implies that {z), :
n € N} has a cluster point in H.

Sufficiency. For each n € N, put P(n,U) = X — g(n,X — U)
for each U € 7 and P, = {(P(n,U),U) : U € 7}, then P, is a
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cushioned family. We need only to show that for each H € H
and H C U € 7, there is m € N such that H C P(m,U). In
fact, if H ¢ P(n,U) for each n € N, then there is a sequence
{zp :m € N} C X — U with HNg(n,x,) # 0 for each n € N,
thus {z, : n € N} has a cluster point in H — U, a contradiction.
Therefore, X has a o-cushioned quasi-(mod k)-network. O
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